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1. INTRODUCTION 
Consider the neutral differential equation 
i a(t)x(t) - 2 bi(t)x(t - 7i) 1 (n) + 1 1 PjP)fj (x(t - Oj>) = 0, t > 0, 
i=l j=l 
and the associated functional differential inequality 
[ 
- 2 bi(t)x(t - q) 1 
(n) 1 
a(t)x(t) + c Pj(%fj xc(t - Cj)) L0, t > 0, i=l j=l (2) 
where n. is a positive odd integer, ~i,aj > 0, a(t)&(t),P’(t) E C([O,co),R+), i = 1,. . ,m, 
j = 1,. ..,l,anda(t) >Ofort>O,andPj(t),j=l,..., 1, are not identically zero for all large t, 
and fj(x), j = 1,. . . ,1, are nondecreasing real functions defined on R such that fj(x) > 0 for 
j = 1.. . ,I, and x > 0. 
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When m = n = 1 = 1, the oscillation of equation (1) has been investigated in many papers 
(see KO 
When m = I’= 1 and a(t) G 1, (1) and (2) are reduced to 
[x(t) - b(t)x(t - T)]‘“’ + P(t)f (x(t - 0)) = 0, t 2 d, (3) 
and 
[x(t) - b(t)x(t - T)]‘“’ + P(t)f (x(t - CT)) 5 0, t 2. 0, (4 
respectively. The existence of eventually positive solutions of equation (3) has already been 
studied in [3-81, 
Recently, Zhang [9] h as investigated the neutral differential equation 
[a(t)x(t) - b(t)x(t - T)]@) + P(t)f (x(t - 0)) = 0, t 10, (5) 
and the associated differential inequality 
[a(t)x(t) - b(t)x(t - T)]‘“’ + P(t)f (x(t - CT)) 5 0, t 2 0, (6) 
where n and u(t) are as those in equation (l), b(t),P(t) E C([O, oo), R+), P(t) is not identically 
zero for all large t, and f is a nondecreasing real function defined on R such that f(z) > 0 for 
x > 0, and r > 0 and c 1 0. For convenience, we cite the main result of [9] as follows. 
THEOREM A. (See [9, Theorem 11.) Suppose that there exist t* 2 0 and M > 0 such that 
rI 
Ic b(t*+jT) <M 
j=. a (t* + j7) - ’ 
I% = 0, 1,2,. . . , 
and 
b (t* + Ax-) 
+ a (t* + ICT) a (t* + (k - 1)7) + ’ *. + 
6 (t* + k~) . . . b (t* + T) 
a (t* + rE7). . . a (t*) 1 = co, 
and that either 
(HI) b(t) + o-P(t) > 0 for all large t, or 
(Hs) CJ > 0 and P(s) does not vanish identically on [t - (T, t] for all large t. 
Then, equation (5) has an eventually positive solution if and only if (6) has an eventually positive 
solution. 
Obviously, it is difficult to verify the conditions of Theorem A, so the applications of it are 
restricted. Our aim in this paper is to establish new necessary and sufficient conditions for 
existence of eventually positive solutions of equation (1). 0 ur results in this paper, to some 
extent, extend and improve the corresponding results in [9]. 
As usual, a solution of equation (1) is continuous function x(t) defined on [-p, oo) which 
satisfies (1). Such a solution x(t) is called an eventually positive solution if there is T 2 0 such 
that x(t) > 0 for t 2 T. Here, p = max{r,o}, 7 = max{rc, i = 1,. . . ,m}, 0 = max{aj, 
j = 1,...,1}. 
In the sequel, for convenience, when we write a functional inequality without specifying its 
domain of validity, we assume that it holds for all sufficiently large t. 
2. MAIN RESULTS 
We first introduce some lemmas. They are useful in the proof of our main results. The first 
one is extracted from [lo]. 
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LEMMA 1. (See [IO, p. 211.) Let q E (-co,O), r E (0, oo), to E R and suppose that a function 
2 E C( [to - 7, co), R) satisfies the inequality 
x(t) I rl+ t-y$~<t44> for t 2 to. 
Then x(t) cannot be a nonnegative function. 
LEMMA 2. Suppose that ~up~,~a(t) < 00 and CEl(bi(t)/a(t)) < 1. Let x(t) be an eventually 
positive solution of (2) and set 
y(t) = a(t)x(t) - &t)x(t - Ti). (7) 
i=l 
Then 
y(t) > 0. (8) 
PROOF. From (2) and (7), eventually, we have 
y’“‘(t) I - Cqt)f(x(t -a)) IO, 
j=l 
and the hypotheses on Pj(t), fj(x), and x(t) yield that y(“)(t) is not eventually zero. Thus, yci)(t) 
(i = O,l,. . . , n - 1) is eventually nonzero. Hence, if (8) does not hold, then eventually y(t) < 0, 
y’(t) < 0, or y(t) < 0, y’(t) > 0. 
CASE 1. y(t) < 0, y’(t) < 0, then there exists tl > 0 such that y(t) 5 y(tl) < 0 for t > tl. Then 
(2 := -YWsuP,>o u(t) > 0. In view of (7) and Czl(bi(t)/a(t)) i 1, we obtain 
x(t) = g + -& -g f-G(t)x(t - G) 1. --Q! + -& =&t) ,-m~~<,“(“) 5 -a! + ,-~<y<,“(“), 
%=I 2=1 -- -- 
where 7 = maxr<i<,{ri}. A -- ccording to Lemma 1, we obtain x(t) < 0. This is a contradiction 
and so y(t) is eventually positive. 
CASE 2. y(t) < 0, y’(t) > 0, one argues that y”(t) < 0 and repeats the argument to obtain that 
y(“)(t) > 0 which contradicts the offset after (8). The proof is complete. 
LEMMA 3. Suppose that ~up~>~ u(t) < cc and that there exists a t* > 0 such that - 
b (t* + h-) < 1 
u(t* + kT) - ’ 
k = 0, 1,2,. . . 
Let x(t) be an eventually positive solution of inequality (6) and set 
z(t) = u(t)x(t) - b(t)x(t - 7). 
Then 
z(t) > 0. 
PROOF. If z(t) is not eventually positive, then similar to the proof of Lemma 2 one can see that 
there exists a tl > 0 such that 
z(t) b(t) b(t) 
x:(t) = - + -x(t - T) 5 -a + -x(t -T), 
4) 44 a(t) 
t > t1. 
If we select an integer k* so that t := t* + k*r > tl, we thus have 
x (t+ k7) 5 --cy +x (t+ (k - 1)~)) 
for k = 1,2,. By induction, 
x (t+ k7) < -(k + l)o + z (t- 7) , 
for k = 1,2,. . , and in view of this we have x(r?+ k7) -+ -oo as k + co. This is a contradiction 
and so z(t) is eventually positive. The proof is complete. 
We are now in a position to state and prove our first main result. 
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THEOREM 1. Suppose aI1 conditions of Lemma 2 hold and that either 
(i) Czl b(t) + C’.= 3 r ujPj(s) > 0, for sufficiently large t, or 
(ii) min{ai} > 0 and there exists a j (1 5 j 5 1) such that Pj(t) $ 0 for s E [t, t + U] for 
sufficiently large t, g = rnaxr<i<l 0i { 1. 
Then equation (1) has an eventually positive solution if and only if (2) has an eventually positive 
solution. 
PROOF. It is clear that an eventually positive solution of equation (1) is also an eventually 
positive solution of (2). So it suffices to prove that if (2) h as an eventually positive solution z(t), 
then so does equation (1). To this end, set 
y(t) = a(t)z(t) - 2 bi(t)z(t - TJ. 
i=l 
It follows from Lemma 2 and (2) that eventually, y(“)(t) < 0 and y(t) > 0, which implies that 
there exists a nonnegative even integer n* 5 n - 1 such that eventually 
y@)(t) > 0, i=O,l,..,, n*, 
(-l)“yqt)>o, i=rL* ,‘..) n-l. 
(9) 
We consider the following possible cases. 
CASE I. n* = 0. 
Since n is a positive odd integer, n - 1 is an even integer, we can easily see that there exists a 
T’ > 0 such that 
Thus, 
ycnel)(t) > 0 and y(“)(t) 5 0, 
y(“-l)(oo) > 0. 
t 2 T’. 
By using (9) and integrating (2) from t to co, we obtain 
co 1 
y(“-1) (m) - y(“-1) (t) 2 
I[ 
c PjW&b - Oj>> ds. t j=l 1 
Therefore, 
- aj)) 
I 
” ds 
Co 1 
2 t 
J[ 
c Pj(s)fj(x(s - cj)) ds, t 2 T’. 
j=l 1 
By repeating the same procedure n times and by using (9), we are led to the inequality 
y(t) ?lm dtnlnm 
Using Tonelli’s theorem, 
I-M 
s 
03 &-1 dtn.-2.. . c p.(s)fj(“(s - uj)) ds, t 2 T’ 
L-1 1 
we reverse the order of integration and obtain 
y(t) 2 J, dt, 1; dt,-1 111 &x--z ... &s),l(;.( - Oj)) 1 ” 
J 
O” = Pj(s)fj(z(s - gj)) ds, t 2 T’; 
t 1 
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that is, 
Let T > T’ be such that (9) holds and rc(t - p) > 0 for t 2 T. Now we consider the set of 
functions, 
s1 = {z E C([T -p,co),R+) : 0 5 z(t) I: 1, fort > T -p}, 
and define an operator S on R as follows: 
I t-T,+r(Sz)(T)+ (I- t-Lf”)i T-,ujt<T, 
, t>T. 
Then it follows from Lebesgue’s dominated convergence theorem (see [12, p. 471 and the references 
cited therein) that S is continuous. By using (lo), t i 1s easy to see that 5’ maps R into itself, and 
for any z E 0, we have (Sz)(t) > 0 for T - p < t < T. 
Next, we define the sequence zk(t) in fl, 
2()(t) = 1, t>T-p, 
and 
&+1(t) = (Sa)(t), fort>T-p, k=O,l,.... 
Then, by using (10) and a simple induction, we can easily see that 
0 2 %+1(t) 5 Q(t) 5 1, fort>T-u, k=O,l,.... 
Set 
Then z(t) satisfies 
$nm a(t) = z(t), t>T-u. 
and 
+J- 
J 44 t 
z(t) = t-T,+p(Sz)(T)+ (I- “z’“) >O, T-p<t<T. 
Again, set 
w(t) = z(t)%(t). 
Then w(t) satisfies w(t) > 0 for T - p 5 t < T and 
w(t) = -& =$(t)w(t - Ti) + J- J’ 
cc (S-t)n--l 1 
2=1 a(t) t 
c Pj(s)fj(w(s - gj)) ds 
(n - l)! j=l 
I 
, t 2 T. 
Thus, w(t) is a nonnegative solution of equation (I) for t > T. 
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Finally, it remains to show that w(t) > 0 for t > T - ~1. Assume that there exists t* > T - p 
such that w(t) > 0 for T - p 5 t < t* and w(t*) = 0. Then t* > T, and 
which implies 
and 
bi(t*) = 0, i = 1,2,. . , m, 
Pj(S)fj(W(S - Oj)) f 0, j=l,2,. 1 “1 , 
which contradicts (i) or (ii). Thus, w(t) is an eventually positive solution of equation (1). 
CASE II. 2 I n* 5 n - 1. 
By using (9) and integrating (2) from t to co, we obtain 
y’“*‘(t) 2 s 
03 (s _ t)n--n*--l 1 
t (n _ n* _ l)! p4fMs - flj))) ds. (11) 
Let T 2 0 be such that (ll), (i), and (ii) hold. Integrating (11) from T to t and using (9), we 
have 
(14 x(t) 2 -& g bi(+(t - Ti) 
a=1 
1 t (t - s)n*--l m 
+a(t) T (n* - l)! J s 
(u - Wn*-l 
(n-n* - l)! 
‘j$‘j(u)jj (z (u - cj)) duds, t > T. (13) 
s j=l 
Using a method similar to the proof of Case I yields that equation (1) also has an eventually 
positive solution. The proof is complete. 
Based on Theorem 1 and Lemma 3, one can show the following. 
COROLLARY 1. Suppose the conditions of Lemma 3 hold and that either 
(iii) b(t) + aP(t) > 0, or 
(iv) 0 > 0 and P(s) d oes not vanish identically on [t - 0, t] for all large t. 
Then (5) has an eventually positive solution if and only if (6) h as an eventually positive solution. 
EXAMPLE 1. In (5) and (6), let u(t) E 2, T = l/2, and 
f + ;(t - 2k), t E [2k, 2k + 11, 
b(t) = 
2-;(t-2k-l), tE[2k+1,2k+2], 
k = O,l,. . . . 
Then it is easy to see that all the conditions of Corollary 1 are satisfied. But it is not easy to 
find out t* which satisfies the conditions of Theorem A. 
EXAMPLE 2. In (5) and (6), let u(t) = 1 + 1 cos tl, 7 = 1, and b(t) = eet. Then all the conditions 
of Corollary 1 are satisfied, but the conditions of Theorem A are not satisfied. 
COROLLARY 2. Suppose that all the conditions of Corollary 1 hold and that there exists t* such 
that 0 < b(t* + k7) < 1, k = O,l, . . Then equation (3) h as an eventually positive solution if 
and only if inequality (4) has an eventually positive solution. 
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THEOREM 2. Suppose that supt,,, u(t) = c < cc and that there exists a t* 2 0 such that - 
a (t*) + a (t*) a (t* + 7) + . . . + a (t*> . . . a (t* f h) 
b (t*) b (t* + T) b (t*) . . .b(t*+kT) =03’ 1 
In addition, assume that either (iii) or (iv) holds. Then (5) has an eventually positive solution if 
and only if (6) h as an eventually positive solution. 
PROOF. It is easy to see that in order to complete the proof, it suffices to prove that if z(t) is an 
eventually positive solution of (6), then z(t) := u(t)z(t) - b(t)rc(t - T) is eventually positive, To 
seek the contradiction, we assume z(t) is not eventually positive. As in the proof of Lemma 2, 
we may then infer that there is a to > 0 such that z(t) < 0 for t 2 to. Following the proof of 
Lemma 2, we have that there exist y and T 2 to such that 
b(t) z(t) I -z + -5(t - T), 
44 
t > T. 
In view of this and the assumptions of the theorem, we see that there exists a positive integer lo* 
such that t^ := t* + IE*r > T and that 
x(i) s-Y+ b (il --5 (t* - 7) . 
c a (i) 
Thus, for any nonnegative integer k, we have 
+ a(& .U(iSkT) 
b (i) . .. b (if /CT) ’ 
which implies that z(i + kr) < 0 as k sufficiently large. This is a contradiction. The proof is 
complete. 
Applying Theorem 1 to the neutral differential equation 
(u(t)z(t) - b(t)z(t - 7))’ + P(t)z(t - 0) = 0, t 2 0, (14) 
and the associated differential inequality 
(u(t)s(t) - b(t)z(t - 7))’ + P(t)z(t - g) 5 0, t 2 0, (15) 
where u(t), b(t) and P(t) E C([O, co), Rt) and u(t) > 0, r > 0, and e > 0, we have the following 
result. 
THEOREM 3. Suppose supt>e u(t) < 00 and that there exists a t* such that 
b (t* + k~) < 1 
a (t* + k7) - ’ k = 0, 1, . . . . 
Assume also that 
s 
t+g 
P(s) ds > 0 and 
t 
l(%P(t) In (e{iuP(s)ds)] dt = oo. 
Then inequality (15) h as no eventually positive solution. 
PROOF. It follows from Theorem 1 of [13] that every solution of (14) oscillates. Hence, (14) has 
no eventually positive solution. In view of Corollary 1, inequality (15) also has no eventually 
positive solution. The proof is complete. 
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